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Abstract 

A Skolem sequence is a sequence a%, ct2, ■ ■ ■ , a2 n (where a, € A = {1 . . . n}), each 
dj occurs exactly twice in the sequence and the two occurrences are exactly po- 
sitions apart. A set A that can be used to construct Skolem sequences is called a 
Skolem set. The problem of deciding which sets of the form A = {1 . . . n} are Skolem 
sets was solved by Thoralf Skolem in the late 1950's. We study the natural gener- 
alization where A is allowed to be any set of n positive integers. We give necessary 
conditions for the existence of Skolem sets of this generalized form. We conjecture 
these necessary conditions to be sufficient, and give computational evidence in favor 
of our conjecture. We investigate special cases of the conjecture and prove that the 
conjecture hold for some of them. We also study enumerative questions and show 
that this problem has strong connections with problems related to permutation 
displacements. 

Key words: Skolem sequence, permutation displacement, design theory, 
Langford's problem 



1 Introduction 



Skolem sequences were introduced by Thoralf Skolem in 1957 [16], for the 
construction of Steiner triple systems. He looked at sets of the form A = 
{1,2, ... ,n} and asked whether you always could form a sequence with two 
copies of every element k in the set so that the two copies of k were placed k 
places apart in the sequence. For example, the set {1,2,3,4} can be used to 
form the sequence 42324311, but the set {1, 2, 3} cannot be used to form such 
a sequence. Close relatives to Skolem sequences are Langford sequences. A 

Email address: gusno@ida.liu.se (Gustav Nordh ). 
1 Supported by the National Graduate School in Computer Science (CUGS), Swe- 
den. 



Preprint submitted to Elsevier Science 



1 February 2008 



Langford sequence is a Skolem sequence which starts late. That is, a sequence 
that is constructed from a set of the form {a, a + l,...,b— l,b}. Dudley 
Langford published an article in 1958 [7] where he managed to construct such 
sequences from the sets {2 . . . n} with n = 5, 6, 9 and 10. 

Since these early papers appeared many different aspects of Skolem sequences 
and Langford sequences have been studied. One reason for them being so 
well studied is that they have important applications in several branches of 
mathematics, most notably in design theory and graph labeling; see [14]. 

A natural generalization of Skolem sequences that is not very well studied is 
when we allow the set of integers used to generate the sequences to be any 
set or multiset of positive integers. We call such sequences perfect Skolem-type 
sequences. This generalization is the main topic of this article. 

We call a set that can be used to construct a perfect Skolem-type sequence a 
perfect Skolem set. For example the set {2, 3, 5, 6} is a perfect Skolem set since 
it can be used to generate the sequence 56232536. When we want to point out 
that the sequences are constructed from multisets we call the sequences perfect 
multi Skolem-type sequences and the corresponding multiset is a perfect multi 
Skolem set. 

The problem of deciding whether the set P = {1, 2, . . . , 2n} can be partitioned 
into the differences in A = {a±, a 2 , ■ ■ ■ , a n } is exactly the problem of deciding 
whether A is a perfect multi Skolem set. We can generalize the notion of 
Skolem sequences even further by allowing the set of positions P to be an 
arbitrary set. If the set of positions P can be partitioned into the differences 
A, then we say that (P, A) is generalized multi Skolem (if A is not allowed to 
be a multi set, then we say that (P,A) is generalized Skolem). For example, 
P = {1, 2, 4, 5, 7, 8}, A = {1, 6, 6} is generalized multi Skolem by the sequence 
66_11_66. Given a set P and a multiset A, the problem of deciding whether 
(P, A) is generalized multi Skolem is NP-complete [1 1] . 

We now state some of the most important known results that are related to 
the generalization that we are about to study. 

Theorem 1 ([16]) {1,2,3,4, ... ,n — l,n} is a perfect Skolem set if and only 
ifn = 0, 1 (mod 4). 

The preceding theorem classify those sets which can be used to construct 
Skolem sequences. 

Theorem 2 ([4,15]) A set A = {a, a + 1, a + 2, . . . , b - 1, b} is a perfect 
Skolem set if and only if 

(1) \A\ > 2a- 1; and 
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(2) \A\ = 0, 1 (mod 4) when a is odd, \A\ = 0,3 (mod 4) when a is even. 

The preceding theorem classify those sets which can be used to construct 
Langford sequences. 

Theorem 3 ([13]) A set {1, 2, . . . , m — 1, m + 1, . . . , n} is a perfect Skolem 
set if and only if n = 0,1 (mod 4) and m is odd, or n = 2,3 (mod 4) and 
m is even. 

Sequences constructed from these sets in the preceding theorem are known in 
the literature as near-Skolem sequences. 

Theorem 4 ([2]) A multiset |i m ? 2 m , . . . ,n m } is a perfect multi Skolem set 
if and only if 

(1) n = 0, 1 (mod 4); or 

(2) n = 2, 3 (mod 4) and m is even. 

Note that by a b we mean b copies of a. Sequences constructed from these 
sets in the preceding theorem are known in the literature as m-fold Skolem 
sequences. 

Theorem 5 ([1]) P = {1, 2, . . . , k - 1, k + 1, k + 2, . . . , 2n + 1} and A = 

{1,2, ... ,n} is generalized Skolem if and only if n = 0,1 (mod 4) for k odd 
and n = 2, 3 (mod 4) for k even. 

Sequences constructed from these sets in the preceding theorem are known in 
the literature as /c-extended Skolem sequences. 



2 Necessary conditions and conjectures 



We give necessary conditions for a set A to be a perfect Skolem set. These 
necessary conditions are then conjectured to be sufficient for a set A to be a 
perfect Skolem set. We first state the necessary conditions in a more general 
form. 

Theorem 6 Let A = {ai, a 2 , . . . , a n } be a multiset of differences with a x > 
a 2 > . . . > a n , and let P = {pi,p 2 , ■ ■ ■ ,P2n}, with p 1 < p 2 < . . . < p 2n . If P 
can be partitioned into the differences in A, then 

n 2n 

J2 a i = J2Pi (mod 2), (1) 

i=i i=i 
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m I 2n \ / m \ 

E^< E ft - Eft » (m = l,...,n). (2) 

i=l \i=2n+l-m / \i=l / 



PROOF. Let Oj = Sj — t«, = 1, 2, . . . , n). Then aj = + tj (mod 2) and 
summing over % gives (1). Also for each 1 < m < n we have ai + . . . + a m — 
(££i Si) - (E™i *i) < (£^2n + i-™ft) " (E™iPi), and (2) is proved. □ 



Conditions 1 and 2 are referred to as parity and density conditions respectively. 
Note that it is easy to see that these conditions are not sufficient for (P, A) to 
be generalized Skolem. For example P = {1,2,4,5} and A = {1,3} satisfies 
both 1 and 2 but is not generalized Skolem. 

We leave it up to the reader to verify the following consequence of the preceding 
theorem. 

Corollary 7 If P — {1,2, ... , 2n}, then the two necessary conditions in the 
preceding theorem reduce to (1) the number of even ai's is even, and (2) 
YaLi a % < m(2n — m) for each 1 < m < n. 

Surprisingly, when P = {l,2,...,2n} and A is an ordinary set (i.e., not a 
multiset), then the necessary conditions seems to be sufficient. 

Conjecture 8 A set A = {a±, a-i, . . . , a n } with a\ > a 2 > . . . > a n is a perfect 
Skolem set if and only if the number of even ai 's is even, and E^Li a % < 
m{2n — m) for each 1 < m < n. 

The conjecture has been verified by computer search for all sets of cardi- 
nality 20 or less. The conjecture does not hold when we allow the sets to 
be multisets. A minimal counterexample is the multiset {1,3,3}, it passes 
both necessary conditions, but cannot be used to construct a perfect multi 
Skolem-type sequence. The existence results for Skolem sequences, Langford 
sequences, and near-Skolem sequences in Theorems 1, 2, and 3 are special 
cases where we know that the conjecture holds. Many new minor special cases 
where the conjecture holds can be easily deduced from already known results 
on, e.g., ^-extended Skolem sequences. For example, the results in [1] imply 
that A = {1, 2, . . . , n} U {2j + 1} is a perfect Skolem set for (n - l)/2 < j < n 
if n = 0, 1 (mod 4), and that A = {1, 2, . . . , n} U {2j} is a perfect Skolem 
set for n/2 < j < n if n = 2,3 (mod 4). The results in [9] imply that 
{1, 3, 5, . . . , 2n — 1} U {2, 2j} is a perfect Skolem set for n > 2 and 2 < j < n. 
We give more evidence for the conjecture in terms of special cases where it 
can be proved to hold in Section 5. 
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It is easy to formulate interesting special cases of Conjecture 8. Consider for 
example sets A of the form A C {1,2,..., n}, where \A\ = n — 2, i.e., A is a 
subset of {1,2,..., n} such that exactly two elements a iy aj G {1,2, ... ,n} are 
missing from A. 

Conjecture 9 A subset A of {1,2, ... ,n} such that exactly two elements 
ai, aj G {1,2, ... ,n} are missing from A, is a perfect Skolem set if and only if 
the following conditions hold. 

(1) If n = or 1 (mod n) then ai = aj (mod 2). 

(2) If n = 2 or 3 (mod n) then a^ = aj — 1 (mod 2). 

(3) A <£ {{3}, {2,4}, {2,4,5}, {3,4,5,6}}. 

Note that conditions 1 and 2 corresponds to the parity condition in Theorem 
7, condition 3 corresponds to the density condition in Theorem 7. The sets 
in condition 3 are the only ones (of this particular form) that have the right 
parity but do not satisfy the density condition in Theorem 7. 

Another particularly interesting special case of Conjecture 8 emerges when we 
add the condition 

n (in \ / m \ 

Y. a i = S Pi) - 

i=l \i=2n+l-m / Vi=l / 

to the necessary conditions in Theorem 6. We call a multiset A satisfying these 
conditions extremal, and the corresponding sequences for extremal (multi) 
Skolem-type sequences. These sets are extremal in the sense that adding 1 
(or more) to any of the elements in A would force A to violate the density 
condition. When P = {1, 2, . . . , 2n} and A is an ordinary set (i.e., not a mul- 
tiset), then we end up with the following special case of Conjecture 8. 

Conjecture 10 A set A = {ai, ai, . . . , a n } with a\ > a 2 > . . . > a n and 
J27=i a i = n 2 is a perfect extremal Skolem set if and only if the number of even 
ai 's is even, and J2iLi a i < m(2n — m) for each 1 < m < n. 

Note that again the conjecture does not hold when we allow A to be a multiset. 
A minimal counter example is {4,4,4,8,8,8}. As we will see in Section 4, 
extremal sets and sequences have interesting connections to problems related 
to permutation displacements. 



3 Enumerative aspects 

The problem of deciding how many Langford sequences of a given order there 
are goes under the name Langford's problem. It is quite well studied, but so far 
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no closed formula is known and the fastest known algorithm runs in exponen- 
tial time. For an overview of the results; see [10]. Recently Langford's problem 
has began to be used as a benchmark by the computer science community to 
evaluate various Constraint Satisfaction techniques [6]. The problem of decid- 
ing how many Skolem sequences of a given order there are has not been given 
the same attention. A table of the number of Skolem sequences of orders 1 
to 13 is available in [14]. We extend this table by computing the number of 
Skolem sequences of orders 16 and 17 (the actual numbers are presented in 
Table 1). 

Table 1 



Number of Skolem sequences. 



Order 


1 4 


5 8 


9 12 


# Sequences 


1 6 


10 504 


2656 455936 


Order 


13 


16 


17 


# Sequences 


3040560 


1400156768 


12248982496 



As for Langford's problem, no closed formula is known and the fastest known 
algorithm runs in exponential time. We begin our investigation by giving a 
closed formula for the number of perfect multi Skolem-type sequences of any 
given order. Note that we say that a sequence is of order n if the set that it is 
generated from has cardinality n. 

Theorem 11 The number of perfect multi Skolem-type sequences of order n 
is (2ra- 1)!!. 

PROOF. Think of the sequence as a tape with 2n empty cells. Pick 2 cells, 
say % and j, from the 2n available cells. Write the number \i — j\ in cells % and 
j. Now repeat the procedure and choose 2 cells from the remaining 2n — 2 
cells. Continue in this way until no more empty cells remains. It is clear that 
the sequence of numbers on the tape is a perfect multi Skolem-type sequence 
and that every perfect multi Skolem-type sequence can be constructed in this 
way. Note that we are not interested in the order in which the n pairs are 
chosen, we do not care for example if 2 and 6 were chosen before or after 1 
and 3. We compensate for this by putting n\ in the denominator. Thus, the 
number of perfect multi Skolem-type sequences of order n is 



By using a similar argument as in the proof of the preceding theorem, we can 
also give a closed formula for the number of perfect extremal multi Skolem-type 




(2n - l)(2n - 3) . . . (3)(1) = (2n - 1)!! 



n ! 



n\2 n 



□ 
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sequences. An important observation about perfect extremal (multi) Skolem- 
type sequences is that the first occurrence of each element a« in A must be 
placed in the left half of the sequence and the second occurrence must be placed 
in the right half of the sequence. This is because in any partition (sj,tj), i G 
{1, . . . , n} of {1, 2, . . . , 2n} into the differences in {si — ti} = A = {a±, 02, •, a n } 
satisfying Y%=i = n 2 , we must have U <n and Sj > n for alH e {1, . . . , n}. 

Theorem 12 The number of perfect extremal multi Skolem-type sequences of 
order n is n\. 

PROOF. In analogy with the proof of the preceding theorem, we pick one 
cell from the n available cells in the right half of the sequence (tape), say i, and 
write the number % — 1 in cells 1 and i. We repeat the procedure and choose 
one cell from the remaining n — 1 cells in the right half of the sequence, say 
j, and write the number j — 2 in cells 2 and j. We continue in this way until 
no more empty cells remains. It should be clear that the sequence of numbers 
on the tape is a perfect extremal multi Skolem-type sequence and that every 
perfect extremal multi Skolem-type sequence can be constructed in this way. 
Thus, the number of perfect extremal multi Skolem-type sequences of order n 
is n\. □ 

Despite our success in finding closed formulas for the number of perfect multi 
Skolem-type sequences and perfect extremal multi Skolem-type sequences, we 
have not been as fortunate when it comes to finding a formula for the number 
of perfect Skolem-type sequences (those constructed from ordinary sets). We 
have put considerable time and effort in computing the number of perfect 
Skolem sequences of order at most 13. The actual numbers are available in 
Table 2 and Table 3. In Section 4 we give nice interpretations of these numbers 
in terms of permutation matrices. 

Table 2 



Number of perfect Skolem-type sequences. 



Order 


1 2 3 


4 5 


6 7 


8 9 


# Sequences 


1 1 5 


29 145 


957 8397 


85169 944221 


Order 


10 


11 


12 


13 


# Sequences 


11639417 


160699437 


2430145085 


39776366397 



The reader may have noticed that the number of perfect Skolem-type se- 
quences of a given order seems to be odd. This is because perfect Skolem-type 
sequences are paired via the operation of reversing a sequence, except for the 
one sequence (of every order) of the form . . . 75311357. . ., which is invariant 
under reversal. 
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Table 3 

Number of perfect extremal Skolem-type sequences. 



Order 


1 2 3 


4 5 


6 


7 


8 9 


# Sequences 


1 1 3 


7 23 


83 


405 


2113 12675 


Order 


10 


11 




12 


13 


# Sequences 


82297 


596483 




4698655 


40071743 



Moreover, the following conjecture is strongly suggested by the data in Table 
2. 

Conjecture 13 The number of perfect Skolem-type sequences of order n is 
always of the form 4k + 1 . 

Another interesting enumerative question is that of the number of perfect 
Skolem sets of a given order. If a proof of Conjecture 8 were found it might 
be possible to find a closed formula for the number of perfect Skolem sets of 
any given order. Table 4 contains the number of perfect Skolem sets of orders 



1 to 20. 
Table 4 

Number of perfect Skolem sets. 



Order 


1 2 


3 


4 5 6 


7 


8 9 


#Sets 


1 1 


3 


11 35 114 


407 


1486 5414 


Order 


10 


11 


12 13 


14 


15 


#Sets 


19923 


74230 


278462 1049318 


3972395 15101658 


Order 


16 


17 


18 


19 


20 


#Sets 


57607431 


220391316 845366406 3250192681 


12521965697 



4 Restricted permutations 

In this section we investigate connections between Skolem-type sequences and 
various problems on permutations. As we will see, extremal Skolem-type se- 
quences will be of particular interest with respect to these problems. 

4-1 Involutions and Skolem-type sequences 

We begin by stating some general observations on the connection between 
Skolem-type sequences and involutions. An involution is a permutation which 
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is its own inverse. A fixed point free involution is an involution where no 
element is mapped to itself. Another way to express this is that a fixed point 
free involution is a permutation such that when written in cycle notation it 
only has cycles of length 2. It is clear that the proof of Theorem 11 gives us 
a one-to-one correspondence between fixed point free involutions in S2 n and 
perfect multi Skolem-type sequences of order n. 

If we restrict the fixed point free involutions and require that all the dis- 
tances between the transposed elements must be distinct, then we have a 
one-to-one correspondence between these restricted involutions in Sin an d 
perfect non-multi Skolem-type sequences of order n. For example, the involu- 
tion (15)(23)(46) satisfies this condition because |1 — 5| = 4, |2 — 3| = 1 and 
|4 — 6 1 = 2. Thus, Table 2 gives us the number of these restricted involutions 
in S^n when n < 13. 

The permutation matrix of a fixed point free involution is symmetric and 
has the northwest to southeast main diagonal empty. The restriction on the 
involutions has a nice interpretation in terms of permutation matrices, namely 
that every northwest to southeast diagonal of the matrix must have at most 
one entry. Two elements on the same northwest to southeast diagonal imply 
that two of the transpositions in the involution are of the form (ab) and ((a + 
k)(b + k)), and of course \a — b\ = \ (a + k) — (b+k)\, violating the condition. See 
Figure 1 for an example of a permutation matrix representing an involution 
satisfying the condition. 



Fig. 1. The permutation matrix corresponding to the fixed point free involution 
(15)(23)(46) (perfect Skolem-type sequence 411242). The shaded squares indicate 
forbidden positions. 



Given a set A of cardinality n we construct a 2n x 2n matrix M which have 
certain forbidden positions, namely the main northwest to southeast diagonal 
and those m^- where \i — j\ £ A. Elements can then be added to M to yield a 
symmetric permutation matrix with at most one element on every northwest 
to southeast diagonal if and only if A is a Skolem set. See Figure 2 for an 
example. 
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Fig. 2. A matrix such that elements can be added to it to yield a symmetric per- 
mutation matrix where every northwest to southeast diagonal contains at most one 
element if and only if the set A = {1,2,4} is a Skolem set. The shaded squares 
indicate forbidden positions. 

4-2 Permutations and extremal Skolem-type sequences 

In this section we will consider an interesting existence question for permuta- 
tions and its relation to perfect extremal Skolem-type sequences. 

To the best of our knowledge the following type of fundamental existence 
question for permutations has not been studied before. Given a sequence of 
say 5 elements, is there a permutation of the elements such that one element 
is moved 4 steps to the right, one element is moved 1 step to the right, one 
element remains in its original position, one element is moved 2 step to the 
left, and one element is moved 3 steps to the left? 

We define the problem formally as follows. 

Definition 14 To every permutation n in S n we associate a displacement 
pattern a T defined as follows, leta w be the multiset of differences {ir(i)—i | 1 < 
i < n} sorted in decreasing order. Given a displacement pattern a we want 
to determine whether there exists a permutation n having the displacement 
pattern = a. 

Next we present the connection between the problem of permutation displace- 
ments, as defined above, and Skolem-type sequences. 

Theorem 15 Given a displacement pattern a = (ai, GS2, ■ ■ ■ , a n ) ; then there 
exists a permutation tc in S n having the displacement pattern a, = a if and 
only if the multiset A = {a% + n, 02 + n, . . . , a n + n} is a perfect extremal multi 
Skolem set. 



PROOF. First of all note that the proof of Theorem 12 gives us a one-to- 
one correspondence between perfect extremal multi Skolem-type sequences of 
order n and permutations in S n . 



10 



We begin by proving the if part. If the multiset A = {ai +n, a 2 + n, . . . , a n + n} 
is a perfect extremal multi Skolem set, then we know that the set {1, 2, ... , 2n} 
can be partitioned into the differences in A. Moreover, since A is extremal we 
know that this partition a, +n = Sj — ti, (i = 1,2, ... ,n) has the property that 
U £ {1,2,..., n} and Sj G {n+1, n+2, . . . , 2n}, (i = 1,2,..., n). Now consider 
the permutation 7r on {1, 2, . . . , n} defined as n(ti) = Sj — n, (« = 1, 2, . . . , n). 
The corresponding displacement pattern is a n = (si—n—ti, s 2 —n—t 2 , . . . ,s n — 
n-t n ) = (ai,a 2 , . . . ,a n ). 

Now to the only if part. If n is a permutation having displacement pattern a n = 
(ai, a 2 , ■ ■ ■ , a n ), then (a ± , a 2 , . . . , a„) = (7r(ii) - t x , n{t 2 ) - t 2 , . . . , ir(t n ) - t n ) 
where {h,t 2 , ...,£„} = {1, 2, .. . ,n}. Hence, (7r(ij) +n) (i = 1, 2, . . . , n) is 
a partition of {1, 2, ... , 2n} into the differences in {a± + n, a 2 + n, . . . , a n + n} . 
Thus, A = {ai + n, a 2 + ^, • • • , a n + n} is a perfect extremal multi Skolem 
set. □ 



Note that by the preceding theorem, the existence question for permutation 
displacements in Definition 14 is merely a special case of the existence question 
for perfect multi Skolem-type sequences. 

The preceding theorem together with the necessary conditions for the exis- 
tence of perfect multi Skolem-type sequences in Corollary 7 imply the follow- 
ing necessary conditions for the existence of permutations satisfying a given 
displacement pattern. 

Corollary 16 Given a displacement pattern a = (a 1; a 2 , . . . , a n ), where a x > 
a 2 > ... > a n . If there exists a permutation n in S n having displacement 
pattern a w = a, then YJlLi a % < m(n — m) for each 1 < m < n, with equality 
holding when m = n (the density condition). Further more, if n is even, then 
the number of even elements in a is even, and if n is odd, then the number of 
odd elements in a is even (the parity condition). 

These necessary conditions are not sufficient, the displacement pattern a = 
(2, 2, 2, —2, —2, —2) is a minimal counterexample. 

From Theorem 15 we make the following obvious but important observation. 

Corollary 17 Given a displacement pattern a = (a±,a 2 , . . . ,a n ) where all 
CLi's are distinct, i.e., a\ > a 2 > . . . > a n , then there exists a permutation 
7r in S n having the displacement pattern a n = a if and only if the set A = 
{ai + n, a 2 + n, . . . , a n + n} is a perfect extremal Skolem set. 

Hence, the following conjecture is just a special case of Conjecture 8. 

Conjecture 18 Given a displacement pattern a = (ai,a 2 , . . . ,a n ) where all 
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cii's are distinct, then the necessary conditions in Theorem 16 are also suffi- 
cient for the existence of a permutation n having displacement pattern a n = a. 

By the group structure of permutations we get the following result. 

Theorem 19 Given a displacement pattern a = (a±, a 2 , . . . , a n ), then there 
exists a permutation n in S n having the displacement pattern a w = a if and 
only if there exists a permutation p in S n having the displacement pattern 
ct p = (— a n , — a n _i, . . . , — ai). 

PROOF. Given a permutation n in S n having displacement pattern = 
(ai, a 2 , . . . , a n ), then there is a (unique) permutation n^ 1 such that non^ 1 = t, 
where i is the identity permutation. Since i has the displacement pattern 
(0, 0, . . . , 0) we get that 7r _1 has the displacement pattern (— a n , — a n _i, . . . , — ai) 
To prove the other direction, just reverse the roles of n and 7r _1 . □ 

The preceding theorem together with Theorem 15 immediately gives us the 
following result. 

Corollary 20 A = {a±, a 2 , . . . , a n } is a perfect extremal multi Skolem set if 
and only if A = {2n — a n , 2n — a„_i, . . . ,2n — ax} is a perfect extremal multi 
Skolem set. 

Most of the previous research on permutation displacements have focused on 
enumerative aspects. For example, Lehmer [8] studied the following problems. 
Determine the number of permutations n in S n such that 

(1) no element is moved more than k positions left or right, that is —i\ < 
k (i — 1, . . . , n), denoted Pf; 

(2) the last element is moved to the first position, all other elements are 
moved right not more than k positions, that is n(n) — n = —n + 1 and 
1 < n(i) — % < k (i — 1, . . . , n — 1), denoted P|; 

(3) no element is moved more than k positions left or right but each element 
must move, that is 1 < — i\ < k (i — 1, . . . , n), denoted P 3 fc . 

Lehmer gives solutions to P^, Pf, Pf, P 2 fc , Pg 1 , and P 3 2 in terms of generating 
functions, e.g., P 2 fc is given by the generating function 1 ~ 1 E ~ 2 E ^^ +1 . Note that 

Pg" is the well known derangement problem which has the solution n\ Y^=o 
[17]. 

It is not hard to see that the correspondence between displacement pat- 
terns and perfect extremal multi Skolem sets in Theorem 15 is solution pre- 
serving in the sense that the number of permutations having the displace- 
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merit pattern a = (ai, a 2 , . . . , a n ) equals the number of perfect extremal 
multi Skolem-type sequences that can be generated from the multiset A = 
{ai + n, a 2 + n, . . . , a n + n}. Hence, enumerative results on permutation dis- 
placements can be transferred to enumerative results on perfect extremal multi 
Skolem-type sequences, and vice versa. For example, the problem of counting 
the number of perfect extremal multi Skolem-type sequences of order n hav- 
ing no occurrence of n is just a reformulation of the derangement problem, 
and thus the solution is n 

!£?=o*ip-- Moreover, our count of the number of 
perfect extremal (non-multi) Skolem-type sequences of order n (n < 13) in 
Table 3 gives us the number of permutations in S n (n < 13) where no two 
elements are moved the same number of positions in the same direction, or 
equivalently the number of n x n permutation matrices (n < 13) where each 
northwest to southeast diagonal contains at most one element. The problem 
of finding a closed formula (or even a recurrence relation) for the number of 
these sequences/permutations seems like a very interesting and challenging 
problem. 

We conclude this section with an enumerative result that is an easy conse- 
quence of the proof of Theorem 19 and Corollary 20. 

Corollary 21 The number of perfect extremal multi Skolem-type sequences 
that can be generated from A = {ai, a 2 , ■ ■ ■ , a n } is equal to the number of 
perfect extremal multi Skolem-type sequences that can be generated from A = 
{2n - a n , 2n - a n _i, . . . , 2n - aj. 



5 Constructions 

In this section we show that every perfect multi Skolem set of order n gives 
rise to a new perfect extremal multi Skolem set of order 2n. We also show 
that every /c-extended multi Skolem set of order n gives rise to a new perfect 
extremal multi Skolem set of order 2n + 1. We show how these results can 
be used to automatically transform many existence results for perfect Skolem 
sets and /c-extended Skolem sets into existence results for perfect extremal 
Skolem sets. Moreover, we give a complete solution to the existence question 
for extremal near-Langford sequences. 

Theorem 22 If A = {ai, a 2 , ... , a n } is a perfect multi Skolem set, then B = 
{2n + ai, 2n + a 2 , . . . , 2n + a n , 2n — a n , 2n — a n _i, . . . , 2n — a\} is a perfect 
extremal multi Skolem set. 



PROOF. If A = {ai, 02, • • • , a n } is a perfect multi Skolem set, then we know 
that there exists a partition of {1,2, . . . ,2n} into the differences in A. As 
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we have seen in Section 4.1 this partition can be seen as a fixed point free 
involution in S^. The displacement pattern corresponding to this involution 
is (ai, a 2 , . . . , a n , —a n , — a n _i, . . . , — ai). Now by Theorem 15, we get that B = 
{2n + ai, 2n + a 2 , . . . , 2n + a n , 2n — a n , 2n — a„_ 1; . . . , 2n — a±} is a perfect 
extremal multi Skolem set. □ 



Note that if A is a perfect (non-multi) Skolem set, then B is a perfect extremal 
(non- multi) Skolem set. 

Theorem 23 If A = {ai,a 2 , . . . , a n } is a k-extended multi Skolem set, then 
B = {2n + 1 + ai, 2n + 1 + a 2 , • • • , 2n + 1 + a n , 2n + 1, 2n + 1 - a n , 2n + 1 - 
a n _i, . . . , 2n + 1 — ai} «s a perfect extremal multi Skolem set. 



PROOF. If A = {ai, a 2 , . . . , a n } is a /c-extended multi Skolem set, then we 
know that there exists a partition of {1, 2, ... , 2n, 2n + 1} \ k into the dif- 
ferences in A. As we have seen in Section 4.1 this partition can be seen as 
an involution in S^+i having exactly one fixed point. The displacement pat- 
tern corresponding to this involution is (ai, a 2 , . . . , a n , 0, — a n , — a n _i, . . . , — ai). 
Now by Theorem 15, we get that B = {2n + 1 + a 1: 2n + 1 + a 2 , . . . , 2n + 1 + 
a n , 2n + 1, 2n + 1 — a n , 2n + 1 — a„_i, . . . , 2n + 1 — ai} is a perfect extremal 
multi Skolem set. □ 



Note that if A is a fc-extended (non-multi) Skolem set, then B is a perfect 
extremal (non-multi) Skolem set. 

Any perfect multi Skolem set is trivially also a 0-extended multi Skolem set. 
Hence, the following corollary follows directly from Theorem 23. 

Corollary 24 If A = {a ± , a 2 , . . . , a n } is a perfect multi Skolem set, then B = 
{2n+l + ai, 2n+l + a 2 , . . . , 2n+l+a n , 2n+l, 2n+l — a n , 2n+l — a„_i, . . . , 2n+ 
1 — ai} is a perfect extremal multi Skolem set. 

The preceding theorems together with known existence results for Skolem- 
type sequences give us several new existence results for extremal Skolem-type 
sequences essentially for free. For example, the following result follows from the 
existence results for near-Skolem sequences and hooked near-Skolem sequences 
in [13]. 

Corollary 25 A = {3n — 1, 3n — 2, . . . , n — 1} \ {2n — 1 + to, 2n — 1 — to} is 

a perfect extremal Skolem set for all 1 < to < n. 
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PROOF. Shalaby proved in [13] that a set of the form A = {1, 2, . . . , m — 
1, m+1, . . . , n}, where m is even, is a perfect Skolem set for n = 2, 3 (mod 4), 
and a (2n — 3)-extended Skolem set for n = 0, 1 (mod 4). Hence, by Theorem 
23 and Corollary 24, we get that A = {3n - 1, 3n - 2, . . . , n - 1} \ {2n - 1 + 
m, 2n — 1 — m}, where m is even, is a perfect extremal Skolem set. Shalaby 
also proved that a set of the form A = {1,2, ... ,m — 1 , m + 1 , . . . , n}, where m 
is odd, is a perfect Skolem set for n = 0, 1 (mod 4), and a (2n — 3)-extended 
Skolem set for n = 2,3 (mod 4). Again, by Theorem 23 and Corollary 24, 
we get that A = {3n — 1, 3n — 2, . . . , n — 1} \ {2n — 1 + m, 2n — 1 — m}, where 
m is odd, is a perfect extremal Skolem set. □ 

We give some more examples of the same flavour. 
Corollary 26 A is a perfect extremal (multi) Skolem set if 

(1) A = {3n-2,3n-3, . . . , n - 2} \ {2n - 2 + m, 2n - 2, 2n - 2 - m} and 
n = 0, 1 (mod 4) and m is odd, or n = 2,3 (mod 4) and m is even; 
or 

(2) A = {{2nm + n) m , (2nm + l) m , (2nm - l) m , . . . , (2nm - n) rn } and 
n = 0, 1 (mod 4), or n = 2,3 (mod 4) and m is even. 

PROOF. The proof of (1) follows directly from Theorems 3 and 22, and the 
proof of (2) follows directly from Theorems 4 and 22. □ 

Next we show how pairs of perfect extremal multi Skolem sets give rise to new 
perfect extremal multi Skolem sets. 

Theorem 27 If A = {a\, ai, ■ ■ ■ , a n } and B = {b±, hi, ■ ■ ■ , b m } are perfect 
extremal multi Skolem sets, then so are 

(1) C = A U {h + 2n, b 2 + 2n, . . . , b m + 2n}, 

(2) D = B U {ai + 2m, a 2 + 2m, . . . , a n + 2m}, and 

(3) E — {ai + m, a 2 + m, . . . , a n + m} U {b± + n,b 2 + n, . . . ,b m + n} . 

PROOF. If A and B are perfect extremal multi Skolem sets, then they can 
be used to construct the perfect extremal multi Skolem-type sequences Sa 
and Sb respectively. If we split Sa in the middle we obtain two sequences S^ 
and S% consisting of the n leftmost and rightmost elements in Sa respectively. 
It is crucial to realize that since we are working with extremal sequences we 
know that any two elements that are paired by the partition of {1, . . . , 2n} 
into two-tuples induced by Sa will have one element in S^ and one element in 
Sa- We define S^ and S§ analogously. Let S + k, where S is a sequence and 
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k a natural number, denote the sequence obtained by increasing each element 
in S by k. 

Now, to prove that C = A\J{b\ + 2n, b 2 + 2n, . . . , b m + 2n} is a perfect extremal 
multi Skolem set, we give a perfect extremal multi Skolem-type sequence Sc 
which can be generated from A U {bi + 2n, b 2 + 2n, . . . , b m + 2n}. Let Sc = 
(S% + 2n)S A (S% + 2n). Similarly S D = (S% + 2m)S B (S% + 2m) is a perfect 
extremal multi Skolem-type sequence that can be generated from B U {ai + 
2m,a 2 + 2m, ...,a n + 2m}. Finally, S E = (S\ + m)(S^ + n)(S% + m)(S§ + n) 
is a perfect extremal multi Skolem-type sequence which can be created from 
{ai + m, a 2 + to, . . . , a n + m} U {61 + n, b 2 + n, . . . , b m + n}. □ 



We believe that the preceding theorem together with the large number of 
existence results for perfect extremal Skolem-type sequences, that can auto- 
matically be obtained from existence results for (not necessarily extremal) 
Skolem-type sequences, make them particularly well suited as building blocks 
for proving existence results for perfect (not necessarily extremal) Skolem-type 
sequences. 

The last result of this section is a complete solution to the existence ques- 
tion for extremal near-Langford sequences. Recall that a Langford sequence 
is perfect Skolem-type sequence that can be generated from a set of the form 
A = {a, a + 1, . . . , b}, where a is usually referred to as the defect of the se- 
quence/set. Skolem solved the existence question for Langford sequences of 
defect 1 in [16]; Priday solved it for defect 2 [12]; Bermond et al. solved it 
for defect 3 and 4 [4]; before Simpson gave a complete solution for all defects 
[15]. A near-Langford sequence of defect a is perfect Skolem-type sequence 
that can be generated from a set of the form A = {a, a + 1, . . . , b} \ {to}, 
where a < to < b. Shalaby solved the existence question for near-Langford 
sequences of defect 1 in [13] (see also Theorem 3), the problem is open for all 
other defects. 

Theorem 28 A set A — {a, a + 1, . . . , b}\ {m}, where a < m <b, is a perfect 
extremal Skolem set if and only if b = 3a and m = (a + b)/2. 



PROOF. We begin by proving the only if part. Assume (with the aim of 
reaching a contradiction) that A — {a, a + 1, . . . , b}\ {to} is a perfect extremal 
Skolem set, but b ^ 3a. Two cases emerge 

(1) b > 3a, i.e., b = 3a + k where < k, or 

(2) b < 3a, i.e., b = 3a — k where < k < 2a. 
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Recall from the definition of perfect extremal Skolem sets that any perfect 
extremal Skolem set A = {a±, a 2 , . . . , a n } must satisfy 

n 

i=i 

Hence, we have that A = {a, a + 1, . . . , b} \ {m} must satisfy 

{^)-m = {b-af. (3) 



Now, consider the first case above where b = 3a + k, and < k. Writing the 
sum in closed form and substituting b by 3a + k in (3) above gives us 

(4a + k)(2a + k + 1) , n , . 2 

- - m = (2a + kf. (4) 



By straightforward formula manipulations, we get 

4a - 2ka + k - k 2 = 2m. (5) 

The lhs of (5) above is less than or equal to 2a for all k > 0. This implies that 
m < a for all k > 0, which is a contradiction with the fact that a < m. 

Now, consider the second case above where b = 3a — k, and < k < 2a. 
By arguments analogous to those in the previous case, we deduce that the 
equality 

4a + 2ka - k - k 2 = 2m (6) 



must hold. We know that m must be less than b and since b = 3a — k we can 
deduce from 6 that the inequality 

2(3a-fc) >4a + 2ka-k-k 2 (7) 



must hold. By simplifying (7), we get 2a > 2ak — k 2 + k, and by elementary 
calculus it is easy to see that 2ak — k 2 + k > 2a for all k in the interval 
< k < 2a. Hence, again we have a contradiction and it follows that b = 3a. 

If b = 3a, then we substitute b by 3a in (3). A simple calculation verifies 
that m = 2a = (a + b)/2, which concludes the proof of the only if part of 
the theorem. To prove the if part of the theorem, we show in Table 5 how 
to construct perfect extremal Skolem-type sequences from all sets of the form 
A = {a, a + 1, . . . , 6} \ {m}, where a < m < 6, b = 3a, and m — (a + 6)/2. 
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Table 5 







bi 


\h - ^1 


j G 


(1) 


2a - 2j 


3a — j 


a + j 


[0, a - 1] 


(2) 


4a + 1 - 2j 


5a + 1 - j 


a + j 


[a + 1,2a] 



□ 



6 Final remarks 

After having completed this work, the author learned about the recent results 
in [3,5]. Both these papers study a problem that is easily seen to be equivalent 
to the existence question for perfect extremal multi Skolem-type sequences. 
Several interesting connections between this problem and other combinatorial 
objects are presented in [3]. Moreover, Conjecture 4.2 in [3] is easily seen to be 
a reformulation of a special case of our Conjecture 8 (in fact, it is equivalent 
to our Conjecture 10). 

The authors of [5] study the computational complexity of deciding whether a 
given set A is a perfect extremal multi Skolem set (or rather a question equiv- 
alent to this one). They manage to prove that this problem is NP-complete, 
a result which clearly subsumes the NP-completeness result for generalized 
Skolem sequences in [11]. Note that since the existence question for perfect 
extremal multi Skolem-type sequences is just a special case of the existence 
question for perfect multi Skolem-type sequences, it follows that the problem 
of deciding whether a set A is a perfect multi Skolem set is also NP-complete. 
The NP-completeness result in [5] is important since it offers a very good ex- 
planation of why we have not been able to extend Conjecture 8 to the case 
where A is a multiset. More specifically, the results in [5] imply that there can 
be no simple necessary and sufficient conditions for the existence of perfect 
multi Skolem-type sequences unless P=NP (where simple means checkable in 
polynomial time). 
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